In this paper, we have given all states of three-photon, which include all entanglement states, and obtained some new results about three-photon entanglement, which should be used in quantum communication and quantum computation.
Introduction
The generation of entanglement is an essential tool for the realization of scalable quantum computing and long distance quantum communication. The ability to entangle a photon for reliable long range quantum communication and another particle with a long-term quantum memory would allow for the construction of such a scalable quantum network. Large strides have been made towards this in many different physical media. En-tanglement and the means for communication have been demonstrated most recently in quantum dots [1, 2] , nitrogen vacancy centers in diamond [3, 4] , neutral atoms [5] , atomic ensembles [6] , superconducting qubits [7] , and ions [8] .
Entangled states of photons are the basic resource in the successful implementation of quantum information processing applications, namely optical quantum computing [9] , and quantum cryptography, or quantum key distribution [10] . Also, in the experimental study of fundamental problems in Quantum Mechanics. The standard method for generating entangled photon states nowadays is spontaneous parametric down conversion (SPDC), which is achieved by pumping one or more nonlinear crystals with a laser source. could have important benefits to applications in optical quantum information. Photonic quantum gates require pure states, which can be created by heralded sources producing pairs of spectrally decorrelated photons [11] [12] [13] [14] [15] . On the other hand, long distance fiber based quantum communication and quantum metrology suffers from chromatic dispersion, which could potentially be improved with positive spectral correlations [16] [17] [18] [19] [20] .
In this paper, we have given all the space and spin states of three-photon. For the symmetrical spin states of three-photon, we give their total symmetrical state, including spin and space state. For the neither symmetrical nor antisymmetrical spin states of three-photon, we act the symmetrical operator y s on the direct product of the spin state and space state, and obtain the total symmetrical state. Finally, we obtain all the states of three-photon, which include all entanglement states.
Two-photon spin states
In three-photon system, the spin of two-photon and three-photon S 12 and S 123 are
and
their square are 
and S 2 123 = S(S + 1), S = 3, 2, 1(S ′ = 2); 2, 1, 0(S ′ = 1); 1(S ′ = 0)
For two-photon, we have given the common spin eigenstates of S 2 12 and ( S 12 ) z , they are [21] :
(1) S ′ = 2 two-photon spin states
χ 2−2 = χ −1 (s 1z )χ −1 (s 2z ).
(2) S ′ = 1 two-photon spin states
(3) S ′ = 0 two-photon spin states
where χ 1 (s 1z ) and χ 1 (s 2z ) are the spin eigenstates of s 1z and s 2z . Defining single-photon lowering operators s i− as s i− = s ix − is iy , (i = 1, 2, 3) (16) and the total lowering operator of three-photon is
by the angular theory, we have s − |jm = (j + m)(j − m + 1)|jm − 1 .
For every photon, j = 1, and m = 0, −1, 1. By equation (18) , there are
3. Three-photon spin states
In the following, we should give the spin states of three-photon. For two-photon, the states of S ′ = 0, 2 are symmetrical. So, all the three-photon states of S ′ = 0, 2 should be symmetrical. For two-photon, the states of S ′ = 1 are antisymmetrical. So, all the three-photon states of S ′ = 1 should be antisymmetrical. We should give all symmetrical and antisymmetrical states for three-photon.
(1) S ′ = 2, S = 3 spin wave functions χ S ′ SM of three-photon (a) The spin wave function χ 233 the three quantum number take maximum value, i.e., S ′ = 2, S = 3 and M = 3. It can be written directly χ 233 = χ 22 (s 1z , s 2z )χ 1 (s 3z ) = χ 1 (s 1z )χ 1 (s 2z )χ 1 (s 3z ).
The state χ 233 is symmetrical when exchange photon 1, 2 and 3, and it is not spin entanglement state.
(b) The spin wave function χ 232 By operating lowering operators S 123− on χ 233 , we can obtain χ 232 S 123− χ 233 = (s 1− + s 2− + s 3− )χ 1 (s 1z )χ 1 (s 2z )χ 1 (s 3z ) = (s 1− χ 1 (s 1z ))χ 1 (s 2z )χ 1 (s 3z ) + χ 1 (s 1z )(s 2− χ 1 (s 2z ))χ 1 (s 3z ) + χ 1 (s 1z )χ 1 (s 2z )(s 3− χ 1 (s 3z )) = √ 2χ 0 (s 1z )χ 1 (s 2z )χ 1 (s 3z ) + √ 2χ 1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) + √ 2χ 1 (s 1z )χ 1 (s 2z )χ 0 (s 3z ) = √ 2[χ 0 (s 1z )χ 1 (s 2z )χ 1 (s 3z ) + χ 1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) + χ 1 (s 1z )χ 1 (s 2z )χ 0 (s 3z )],
by equation (18), we have
so χ 232 = 1 √ 3 [χ 0 (s 1z )χ 1 (s 2z )χ 1 (s 3z ) + χ 1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) + χ 1 (s 1z )χ 1 (s 2z )χ 0 (s 3z )].
The state χ 232 is symmetrical when exchange photon 1, 2 and 3, and it is spin entanglement state. 
so
The state χ 231 is symmetrical when exchange photon 1, 2 and 3, and it is spin entanglement state.
(d) The spin wave function χ 230 By operating lowering operators S 123− on χ 231 , we can obtain χ 230
The state χ 230 is symmetrical when exchange photon 1, 2 and 3, and it is spin entanglement state.
(e) The spin wave function χ 23−1 By operating lowering operators S 123− on χ 230 , we can obtain χ 23−1
The state χ 23−1 is symmetrical when exchange photon 1, 2 and 3, and it is spin entanglement state.
(f) The spin wave function χ 23−2 By operating lowering operators S 123− on χ 23−1 , we can obtain χ 23−2
by equation (18) , we have
The state χ 23−2 is symmetrical when exchange photon 1, 2 and 3, and it is spin entanglement state.
(g) The spin wave function χ 23−3 when quantum number M take minimum value, i.e., M = −3, the spin wave function of three-photon can be written directly
The state χ 23−3 is symmetrical when exchange photon 1, 2 and 3, and it is not spin entanglement state. By calculation, we find the spin states of S ′ = 2, S = 3 are symmetrical states when we exchange arbitrary two photons. 
(b) The spin wave function χ 221 By operating lowering operators S 123− on χ 222 , we can obtain χ 221
9 (c) The spin wave function χ 220 By operating lowering operators S 123− on χ 221 , we can obtain χ 220
(d) The spin wave function χ 22−1 By operating lowering operators S 123− on χ 220 , we can obtain χ 22−1
(e) The spin wave function χ 22−2 By operating lowering operators S 123− on χ 22−1 , we can obtain χ 22−2
By calculation, we find the spin states of S ′ = 2, S = 2 are neither symmetrical nor antisymmetrical states when we exchange arbitrary two photons, but they are spin entanglement states.
(3) S ′ = 2 and S = 1 three-photon spin states (a) The spin wave function χ 211 We firstly calculate χ 211 state, it includes two χ 1 states and one χ −1 state, or two χ 0 states and one χ 1 state, and the χ 211 state is the linear superposition of
(53) the χ 231 state can be written as
Since χ 211 and χ 231 is orthogonal, i.e.,
we have
the χ 221 state can be written as
Since χ 211 and χ 221 is orthogonal, i.e.,
we get
and obtain the system of equations
the solutions are
by the normalization condition
13 then
(b) The spin wave function χ 210 By operating lowering operators S 123− on χ 211 , we can obtain χ 210
14 so
(c) The spin wave function χ 21−1 By operating lowering operators S 123− on χ 210 , we can obtain χ 21−1
) By calculation, we find the spin states of S ′ = 2, S = 1 are neither symmetrical nor antisymmetrical states when we exchange arbitrary two photons, but they are spin entanglement states.
(4) S ′ = 1, S = 2 spin wave functions χ S ′ SM of three-photon (a) The spin wave function χ 122 We firstly calculate χ 122 state, it is the product of two χ 1 states and one χ 0 state, i.e.,
The state χ 122 should be antisymmetrical, but equation (79) is antisymmetrical for exchanging photon 1 and 2, and not full antisymmetrical form. It should be symmetrization, and it is
(b) The spin wave function χ 121 By operating lowering operators S 123− on χ 122 , we can obtain χ 121
(c) The spin wave function χ 120 By operating lowering operators S 123− on χ 121 , we can obtain χ 120
(d) The spin wave function χ 12−1 By operating lowering operators S 123− on χ 120 , we can obtain χ 12−1
(e) The spin wave function χ 12−2 the state χ 122 is the product of two χ −1 states and one χ 0 state, i.e.,
By calculation, we find the spin states of S ′ = 1, S = 2 are neither symmetrical nor antisymmetrical states when we exchange arbitrary two photons, but they are spin entanglement states.
(5) S ′ = 1 and S = 1 three-photon spin states (a) The spin wave function χ 222 We firstly calculate χ 111 state, since χ 111 and χ 121 state is orthogonal, i.e., χ + 121 · χ 111 = 0, and χ 121 state can be written as
18 so
(b) The spin wave function χ 110 By operating lowering operators S 123− on χ 111 , we can obtain χ 110
(c) The spin wave function χ 11−1 By operating lowering operators S 123− on χ 110 , we can obtain χ 11−1
By calculation, we find the spin states of S ′ = 1, S = 1 are neither symmetrical nor antisymmetrical states when we exchange arbitrary two photons, but they are spin entanglement states.
(6) S ′ = 1 and S = 0 three-photon spin states χ 100 since χ 100 and χ 110 state is orthogonal, i.e., χ + 100 · χ 110 = 0, and χ 110 state can be written as
By calculation, we find the spin states of S ′ = 1, S = 0 are neither symmetrical nor antisymmetrical states when we exchange arbitrary two photons, but they are spin entanglement states. 
20
We firstly calculate χ 011 state, it is structured by S ′ = 0 state of two-photon, i.e.,
(b) The spin wave function χ 010 By operating lowering operators S 123− on χ 011 , we can obtain χ 010
(c) The spin wave function χ 01−1 By operating lowering operators S 123− on χ 010 , we can obtain χ 01−1
By calculation, we find the spin states of S ′ = 0, S = 1 are neither symmetrical nor antisymmetrical states when we exchange arbitrary two photons, but they are spin entanglement states.
Three-photon full entanglement states
In the above, we have given out the spin states of three-photon, which include entanglement and without entanglement spin states. In the following, we should give the space states of three-photon, and further give the full states of three-photon, and then we can obtain the full entanglement states of three-photon. In Refs. [22, 23] , we have given the relativistic spinor equation of photon, it is
where
the energy E and momentum p of photon are conserved quantity, and their common eigenstate is
and the plane wave solution of normalization is
the state ψ( r, t) a space state of single-photon, and the full wave function of single-photon is
Where the sign ⊗ is direct product, and χ µ (s z ) is the spin state of photon. Since photon is Boson, the total wave function of three-photon should be symmetrical, i.e., when the space wave function is symmetric, the spin wave function is also symmetric. When the space wave function is antisymmetric, the spin wave function is also antisymmetric.
(1) The antisymmetric space wave function of three-photon is
where the states ψ k1 , ψ k2 , ψ k3 are the space states of single-photon. The state ψ A k1k2k3,t (r 1 , r 2 , r 3 , t) is space entanglement state.
(2) The symmetric space wave functions of three-photon are: (a) The symmetric state that every state ψ k1 , ψ k2 and ψ k3 has one photon, i.e., n 1 = n 2 = n 3 = 1
the state ψ S k1k2k3 (r 1 , r 2 , r 3 , t) is a space entanglement state.
(b) The symmetric state that state ψ k1 has two photons, state ψ k2 has one photon, i.e., n 1 = 2, n 2 = 1 and n 3 = 0
the state ψ S k1k2 (r 1 , r 2 , r 3 , t) is a space entanglement state. (c) The symmetric state that state ψ k1 has three photons, i.e., n 1 = 3 and n 2 = n 3 = 0 ψ S k1 (r 1 , r 2 , r 3 , t) = ψ k1 (r 1 , t)ψ k1 (r 2 , t)ψ k1 (r 3 , t),
the state ψ S k1 (r 1 , r 2 , r 3 , t) is not a space entanglement state. The total symmetrical wave functions of three-photon are (1) The three-photon entanglement states are related to their space and spin state. We should not only consider their spin state, but also consider their space state, and the entanglement states evolve with time. (2) When there are at least one entanglement state in the space or spin state, the total state of three-photon is entanglement state. (3) When the space and spin states are both not entanglement state, the total state of three-photon is not entanglement state. (4) When the space state is entanglement, and the spin state is not entanglement, the three-photon is in the space entanglement. (5) When the spin state is entanglement, and the space state is not entanglement, the three-photon is in the spin entanglement. (6) When the space and spin states are both entanglement, the three-photon is in the full entanglement. (7) When the space and spin states are both not entanglement, the three-photon is not entanglement.
For the other spin states of three-photon, they are neither symmetrical nor antisymmetrical. The total states can not be written as equations ψ (s 1z , s 2z , s 3z ) .
In the following, we should make them symmetrization, and introduce symmetrization operator y s , it is 
these exchange operators constitute an exchange group. In group theory, the symmetrical operator act on a state should be obtained a symmetrical state. But we find the symmetrical operator y s act on the three-photon spin states which are neither symmetrical nor antisymmetrical, the results are zero. For example,
In general, the complete state vector space is the direct product of coordinate space, spin space,isospin and so on. The identical principle require that their direct product must be the symmetry, and should not require the subspace states are symmetrical or antisymmetrical.
In order to obtain the total symmetrical states of three-photon, we act the symmetrical operator y s on the direct product of the spin states and space states, the results are as follows: (1) For the spin state Φ S 1 (s 1z , s 2z , s 3z , r 1 , r 2 , r 3 ) of S ′ = 2 ,S = 2 and M = 2, it is
Where ψ m ( r 1 ),ψ n ( r 2 ) and ψ l ( r 3 ) are the space states of three-photon. 
The total state Φ 
The total state Φ S 28 (5) For the spin state Φ 5 (s 1z , s 2z , s 3z , r 1 , r 2 , r 3 ) of S ′ = 2 ,S = 2 and M = −2, it is
The total state Φ S 29 (6) For the spin state Φ S 6 (s 1z , s 2z , s 3z , r 1 , r 2 , r 3 ) of S ′ = 2 ,S = 1 and M = 1, it is
The total state Φ S 30 (7) For the spin state Φ S 7 (s 1z , s 2z , s 3z , r 1 , r 2 , r 3 ) of S ′ = 2 ,S = 1 and M = 0, it is
The total state Φ S 7 ( r 1 , r 2 , r 3 , s 1z , s 2z , s 3z ) becomes symmetrical state, and it is the full entanglement state.
(8) For the spin state Φ
The total state Φ S 8 ( r 1 , r 2 , r 3 , s 1z , s 2z , s 3z ) becomes symmetrical state, and it is the full entanglement state. (9) For the spin state Φ S 9 (s 1z , s 2z , s 3z , r 1 , r 2 , r 3 ) of S ′ = 1 ,S = 2 and M = 2, it is
The total state Φ [(χ 0 (s 1z )χ −1 (s 2z )χ 1 (s 3z ) − χ −1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) +χ 1 (s 1z )χ 0 (s 2z )χ −1 (s 3z ) − χ 0 (1)(s 1z )χ 1 (s 2z )χ −1 (s 3z )) ⊗ ψ m ( r 1 )ψ n ( r 2 )ψ l ( r 3 ) +(χ −1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) − χ 0 (s 1z )χ −1 (s 2z )χ 1 (s 3z ) +χ 0 (s 1z )χ 1 (s 2z )χ −1 (s 3z ) − χ 1 (s 1z )χ 0 (s 2z )χ −1 (s 3z )) ⊗ ψ n ( r 1 )ψ m ( r 2 )ψ l ( r 3 ) +(χ 1 (s 1z )χ −1 (s 2z )χ 0 (s 3z ) − χ 1 (s 1z )χ 0 (s 2z )χ −1 (s 3z ) +χ −1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) − χ −1 (s 1z )χ 1 (s 2z )χ 0 (s 3z )) ⊗ ψ l ( r 1 )ψ n ( r 2 )ψ m ( r 3 ) +(χ 0 (s 1z )χ 1 (s 2z )χ −1 (s 3z ) − χ −1 (s 1z )χ 1 (s 2z )χ 0 (s 3z ) +χ 1 (s 1z )χ −1 (s 2z )χ 0 (s 3z ) − χ 0 (s 1z )χ −1 (s 2z )χ 1 (s 3z )) ⊗ ψ m ( r 1 )ψ l ( r 2 )ψ n ( r 3 ) +(χ −1 (s 1z )χ 1 (s 2z )χ 0 (s 3z ) − χ 0 (s 1z )χ 1 (s 2z )χ −1 (s 3z ) +χ 0 (s 1z )χ −1 (s 2z )χ 1 (s 3z ) − χ 1 (s 1z )χ −1 (s 2z )χ 0 (s 3z )) ⊗ ψ n ( r 1 )ψ l ( r 2 )ψ m ( r 3 ) +(χ 1 (s 1z )χ 0 (s 2z )χ −1 (s 3z ) − χ 1 (s 1z )χ −1 (s 2z )χ 0 (s 3z ) +χ −1 (s 1z )χ 1 (s 2z )χ 0 (s 3z ) − χ −1 (s 1z )χ 0 (s 2z )χ 1 (s 3z )) ⊗ ψ l ( r 1 )ψ m ( r 2 )ψ n ( r 3 )].
The total state Φ +χ −1 (s 1z )χ 1 (s 2z )χ 0 (s 3z )) ⊗ ψ m ( r 1 )ψ n ( r 2 )ψ l ( r 3 ) +(χ −1 (s 1z )χ 1 (s 2z )χ 0 (s 3z ) − χ 0 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ 1 (s 1z )χ −1 (s 2z )χ 0 (s 3z )) ⊗ ψ n ( r 1 )ψ m ( r 2 )ψ l ( r 3 ) +(χ 0 (s 1z )χ −1 (s 2z )χ 1 (s 3z ) − χ 0 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ 0 (s 1z )χ 1 (s 2z )χ −1 (s 3z )) ⊗ ψ l ( r 1 )ψ n ( r 2 )ψ m ( r 3 ) +(χ 1 (s 1z )χ 0 (s 2z )χ −1 (s 3z ) − χ 0 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ −1 (s 1z )χ 0 (s 2z )χ 1 (s 3z )) ⊗ ψ m ( r 1 )ψ l ( r 2 )ψ n ( r 3 ) +(χ −1 (s 1z )χ 0 (s 2z )χ 1 (s 3z ) − χ 0 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ 1 (s 1z )χ 0 (s 2z )χ −1 (s 3z )) ⊗ ψ n ( r 1 )ψ l ( r 2 )ψ m ( r 3 ) +(χ 0 (s 1z )χ 1 (s 2z )χ −1 (s 3z ) − χ 0 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ −1 (s 1z )χ 1 (s 2z )χ 1 (s 3z )) ⊗ ψ l ( r 1 )ψ m ( r 2 )ψ n ( r 3 )].
The total state Φ +χ −1 (s 1z )χ 1 (s 2z )χ −1 (s 3z )) ⊗ ψ m ( r 1 )ψ n ( r 2 )ψ l ( r 3 ) +(χ −1 (s 1z )χ 1 (s 2z )χ −1 (s 3z ) − χ 0 (s 1z )χ 0 (s 2z )χ −1 (s 3z ) +χ 1 (s 1z )χ −1 (s 2z )χ −1 (s 3z )) ⊗ ψ n ( r 1 )ψ m ( r 2 )ψ l ( r 3 ) +(χ −1 (s 1z )χ −1 (s 2z )χ 1 (s 3z ) − χ −1 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ −1 (s 1z )χ 1 (s 2z )χ −1 (s 3z )) ⊗ ψ l ( r 1 )ψ n ( r 2 )ψ m ( r 3 ) +(χ 1 (s 1z )χ −1 (s 2z )χ −1 (s 3z ) − χ 0 (s 1z )χ −1 (s 2z )χ 0 (s 3z ) +χ 1 (s 1z )χ −1 (s 2z )χ −1 (s 3z )) ⊗ ψ m ( r 1 )ψ l ( r 2 )ψ n ( r 3 ) +(χ −1 (s 1z )χ −1 (s 2z )χ 1 (s 3z ) − χ 0 (s 1z )χ −1 (s 2z )χ 0 (s 3z ) +χ 1 (s 1z )χ −1 (s 2z )χ −1 (s 3z )) ⊗ ψ n ( r 1 )ψ l ( r 2 )ψ m ( r 3 ) +(χ −1 (s 1z )χ 1 (s 2z )χ −1 (s 3z ) − χ −1 (s 1z )χ 0 (s 2z )χ 0 (s 3z ) +χ −1 (s 1z )χ −1 (s 2z )χ 1 (s 3z )) ⊗ ψ l ( r 1 )ψ m ( r 2 )ψ n ( r 3 )].
The total state Φ S 20 ( r 1 , r 2 , r 3 , s 1z , s 2z , s 3z ) becomes symmetrical state, and it is the full entanglement state.
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Conclusion
For three-photon entanglement states, we have obtained the following results: (1) The three-photon entanglement states are related to their space and spin state. We should not only consider their spin state, but also consider their space state. (2) When there are at least one entanglement state in the space or spin state, the total state of three-photon is entanglement state. (3) When the space and spin states are both not entanglement state, the total state of three-photon is not entanglement state. (4) When the space state is entanglement, and the spin state is not entanglement, the three-photon is in the space entanglement. (5) When the spin state is entanglement, and the space state is not entanglement, the three-photon is in the spin entanglement. (6) When the space and spin states are both entanglement, the three-photon is in the full entanglement. (7) When the space and spin states are both not entanglement, the three-photon is not entanglement.(8) For the three-photon spin states, which are neither symmetrical nor antisymmetrical, we act the symmetrical operator y s on the direct product of the spin states and space states, and obtain the total symmetrical state. So, we have obtained all the states of three-photon, which include all entanglement states.
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